Motivated by recent experimental progress to read out quantum bits implemented in superconducting circuits via the phenomenon of dynamical bifurcation, transitions between steady orbits in a driven anharmonic oscillator, the Duffing oscillator, are analyzed. In the regime of weak dissipation a consistent master equation in the semiclassical limit is derived to capture the intimate relation between finite tunneling and reflection and bath induced quantum fluctuations. From the corresponding steady state distributions analytical expressions for the switching probabilities are obtained. It is shown that a reduction of the transition rate due to finite reflection at the phasespace barrier is overcompensated by an increase due to environmental quantum fluctuations that are specific for diffusion processes over dynamical barriers. Moreover, it is revealed that close to the bifurcation threshold the escape dynamics enters an overdamped domain such that the quantum mechanical energy scale associated with friction even exceeds the thermal energy scale.
I. INTRODUCTION
The prospect to tailor devices for quantum information processing has stimulated major experimental research in the last years. Several different technologies have been explored to assess the possibility to realize quantum bits, like ion traps [1] , liquid state magnetic resonance, linear optics, electrons in liquid helium and superconducting Josephson Junction (JJ) devices [2] [3] [4] . Particularly for the latter ones the insulation of the structure in which the quantum bit is implemented, e.g. a Cooper pair box, from its surrounding is of substantial relevance. This issue also includes the readout device of the qubit state which must be designed such as to minimize its presence on the one hand, but to efficiently gather the required information on the other hand.
A powerful readout scheme is based on the phenomenon of dynamical bifurcation, realized in form of the Josephson Bifurcation Amplifier [5, 6] and the Cavity Bifurcation Amplifier [2] . A big JJ is placed in parallel to a Copper pair box and driven my an external microwave source. Accordingly, close to the first bifurcation threshold determined by the frequency and the amplitude of the drive, two stable oscillations appear in the big JJ with thermal fluctuations inducing transitions between them. The sensitivity of this process to the shape of the Josephson potential is used to retrieve information about the qubit state. However, the possibility to tune parameters over wide ranges make these systems interesting on their own as devices to study fundamental aspects of driving, nonlinearity and dissipation. In particular, the question about the impact of quantum fluctuations on transitions between two stable basins of attraction in phase space goes far beyond the standard situation for escape over static energy barriers.
Theoretically, within the relevant range the driven big JJ can be described as a Duffing oscillator [7] . This oscillator is particularly important because it represents the simplest model to analyze phenomena like bifurcation, period doubling, and dynamical tunneling.
The classical dynamics of this system is well known and the transition between the two stable states, induced by thermal fluctuations, has been investigated in detail [8, 9] . With lowering temperature quantum mechanical effects appear. It is known that their contributions are twofold. On the one hand, the transmission probability through the barrier becomes finite, on the other hand quantum fluctuations of the environment appear due to finite zero point fluctuations in the well adjacent to the barrier and to quantum fluctua-tions in the diffusion coefficients. For escape over static barriers it turns out that for weak dissipation the former effect may even exceed the latter one to produce a reduction of the escape rate compared to the classical situation [10] due to a finite reflection of states above the barrier energy. Thus, the question arises whether the same is true for transitions over dynamical barriers. Moreover, it has to be explored how a consistent semiclassical description for driven dissipative anharmonic systems must be formulated. To solve both issues is the purpose of this paper.
A powerful procedure for analytical investigations is to describe driven oscillators in a frame rotating with a frequency equal to the response frequency of the system [9, 11] . Using this approach Dykman and co-workers analyzed the diffusive escape for the Duffing oscillator [12] and for other periodically driven systems [13] . The focus there has been on reservoir induced quantum effects. Complementary, in [14] macroscopic quantum tunneling has been addressed in the deep quantum regime. A numerical description of the problem, taking into account multiphoton resonances, has been given in [15] . In the present work we use a semiclassical approach in order to calculate systematically quantum corrections to the classical escape rate. We consider both mechanisms, tunneling and bath fluctuations, starting from a properly derived master equation. In contrast to [12] [13] [14] the impact of finite barrier reflection/tunneling and the whole structure of the dissipative dynamics in the rotating frame [16] are included in this master equation. The corresponding analytical expressions for the escape rate apply to the range of weak damping and moderate temperatures.
The paper is organized as follows: In Sec. II we introduce the model and the basic notation including the mapping to the rotating frame. This description is extended in Sec. III to explicitly include also the bath degrees of freedom. This formulation provides the basis to derive in Sec. IV a semiclassical expansion of the master equation the steady state distributions of which are used to derive the escape rates in Sec. V. In Sec. IV this quantum diffusion equation is discussed and the quantum corrections to the classical escape rate are obtained.
II. SYSTEM AND MAPPING ON A ROTATING FRAME
We consider a system with a weakly anharmonic potential driven by an external timeperiodic force (Duffing oscillator), namely
Accordingly, for the anharmonic coefficient, we assume Γ q 2 ≪ Mω 2 0 so that driving is almost resonant for
Classically, when damping is taken into account, two stable oscillations with different amplitudes and phases appear beyond a bifurcation threshold. The latter one depends on external parameters such as driving amplitude F and frequency mismatch δω. In phase space, these two stable states correspond to stable basins of attraction which are separated by an unstable domain. Thermal fluctuations may induce transitions between these basins that in turn carries information about the global shape of the phase space barrier and the environment.
Theoretically, the difficulty for a rate description in this kind of system is that the Hamiltonian of the isolated system H S (t) is time-dependent and, therefore, energy is not conserved.
However, the dissipative system approaches a steady-state situation such that the reduced density matrix takes the form ρ(t) ∼ρ(t) cos(ω d t) with an only weakly time-dependent densityρ. For the further analysis it is thus convenient to switch to a rotating frame, given by the unitary operator,
p are the annihilation and creation operators for harmonic oscillators in the system, respectively. The transformation U S (t) applied to the coordinate q and momentum p give
with Q and P as new (slowly varying) coordinates. From these equations it is clear that the rotating frame determined by U S (t) the Hamiltonian reads
and the bifurcation parameter
Moreover following a rotating wave approximation fast oscillating terms exp(±inω d t) , n ≥ 1 are neglected such that a time independent HamiltonianH S is obtained. For 0 < α < 4/27 the rotating frame system exhibits three extrema, whereas the two stable ones correspond in the laboratory frame to oscillations with low and high amplitude, respectively. They are separated by a phase-space barrier associated with an unstable extremum (see fig.1 and fig.2 ). For α < 0 only the low amplitude states exist and for α > 4/27 only the high amplitude state remains. 
III. SYSTEM AND BATH: MICROSCOPIC DESCRIPTION
In order to describe quantum dissipation, we explicitly introduce a bath coupled to the system, so that the total Hamiltonian is given by
with a system part as in (1), a reservoir part H R and an interaction H I , i.e. [17, 18] 
We switch to the rotating frame with the unitary operator of the composite system [14, 16] ,
whereasb n andb † n are annihilation and creation operators for harmonic oscillators in the bath. In the rotating frame the total Hamiltonian reads
withH S as in (6) andH
where the new bath parameters read
With the unitary transformation (10) the total Hamiltonian H in the laboratory frame (8) is mapped onto a new HamiltonianH in the moving frame, composed of the system part (6), a reservoir part (12) with new parameters and an interaction part (12) . The mapped composite system can now be described by techniques applied for undriven escape problems with the notable difference though, that the interaction between system and environment becomes more complex containing in addition the the conventional position-position coupling also momentum-momentum contributions. However, as shown in [16] , following the standard procedure all bath properties can be captured by a spectral density and by temperature. Consequently, in the rotating frame we can adapt the approach developed in [10] for transition rates over energy barriers in the energy diffusive limit (weak dissipation).
One starts from the time evolution of the density matrix of the full compound W (t)
obeying the Liouville-von Neumann equation ihdW (t)/dt = [H, W (t)] with an initial state W (0). The relevant operator is the reduced density ρ(t) = tr B {W (t)} after eliminating the bath degrees of freedom for which a simple equation of motion does in general not exist.
In case of weak friction and sufficiently fast bath modes, however, progress is made within a Born-Markov approximation. One then obtains a master equation which for the present case can be cast in the form [16] 
Here operators L xy are defined according to
with operators y(s) in the Heisenberg representation and {, } denoting the anti-commutator.
In the rotating frame the force-force correlator functions are defined by
where the bath forces read according to (12)
Our goal is now to derive from the above master equation (14) a semiclassical equation in the energy diffusive limit to determine the leading quantum corrections (orderh) to the transition rates between the two phase space basins. In case of no external driving the analysis in [10] revealed that a conventional position-position interaction between bath and system produces in the corresponding diffusion equation only quantum corrections of order
The leading impact of quantum mechanics is thus due to finite transmission through the barrier, i.e. tunneling and reflection. Here, however, we will see that while the contribution L P P has a behavior similar to L QQ , the unconventional bath contributions L QP and L P Q yield a supplementary correction of orderh.
IV. SEMICLASSICAL MASTER EQUATION
An energy diffusion operator can be derived starting either from a discrete or a continuous spectrum in the well of one the stable domains. The difference is though, that the latter procedure conveniently accounts for barrier tunneling near the barrier top, where the density of states is basically continuous. It is then convenient to introduce the occupation probability of a well state with energy E via
Here p n is the occupation probability of a well eigenstate with quasi-energy E n and identical to the diagonal part of the reduced density matrix in the energy representation. The explicit construction of these states follows a type of WKB-recipe as shown below. The time evolution equation (14) can now be represented (see [10] ) aṡ
with ω(E) being the frequency of a classical oscillation at energy E and n(E) the density of states. Equation (19) captures the incoming probability flux to and outgoing probability flux from the state E according to intrawell transition rates [19] 
and the reflection probability R(E) from the barrier and the transmission probability
T (E) = 1 − R(E) through the barrier.
In the transition rates the system-reservoir coupling appears in the interaction picturẽ (12), and one arrives at a golden rule-type of formula
with
, and ℑZ denoting the imaginary part of Z . The bath correlation functions D xy correspond to bath forces which couple to x and y according to (16) and (17), respectively,
In accordance with an effectively Markovian dynamics, we consider a purely ohmic environment with a spectral density I(ω) = Mγω in the laboratory frame so that the bath correlation functions in the moving frame are given by [16] 
whereas E F =hω d ,γ = γ/4 is the effective friction constant in the rotating frame and Following the procedure in [10] one arrives with P (E, t) =
anh-expansion of (19) in the forṁ
with W δ (E) = W E,E ′ for E ′ − E = δ, where δ is considered as being of orderh. The leading order terms in the sum above with k = 1 and k = 2 are kept to get the energy diffusion equation for finite transmission in the semiclassical limit, i.e.,
Here, the moments of the energy fluctuations read
To derive semiclassical transition rates from this diffusion equation one must evaluate the energy momenta up to corrections of orderh and also include consistently transmission and reflection coefficients. Bath induced quantum corrections appear due to bath correlations D xy that enter the transition rate W δ (E) [see Eq. (21)]. Finite tunneling and reflection coefficients appear explicitly in the diffusion equation (26), but must also be taken into account in the matrix elements Q qm and P qm that determine the system part in the transition rates (21) . We note that quantum corrections due to tunneling and reflection are substantial in an energy range ∼hω b around the barrier top, where
. They then generate leading corrections in the escape rate that are of orderh as well. Quantum corrections that include combinations of finite transmission and bath induced fluctuations are at least of orderh 2 and can be discarded. The strategy we follow in the sequel is thus this: in a first step we neglect bath induced corrections and concentrate on the impact of tunneling, while in a second step tunneling is neglected and bath fluctuations are accounted for. Eventually, the corresponding individual energy diffusion equation derived from (25) are combined to capture both phenomena simultaneously. 
with the matrix elements
containing the action S 0 (E, Q) = Q Q 1 P (Q ′ , E)dQ ′ of an orbit starting at the turning point Q 1 and running in time t towards Q with momentum P (Q, E) at energy E. The complexvalued reflection amplitude r(E) of a parabolic barrier is related to the reflection probability
In case of vanishing transmission, E << E b and R → 1, one recovers the standard WKB wave function N(E) → 1/(hω) so that it is possible to use (29) for all energies, provided the length scale where a parabolic approximation for the barrier applies is much larger than the quantum mechanical length scale h/Mω b .
With (29) we calculate in the semiclassical limit the transition matrix elements Q qm (E ′ , E)
for finite transmission through the barrier. According to the restricted interference approximation [20] we only keep the diagonal contributions of forward/backward waves to obtain
where 
where here and in the sequel the prime ′ at energy dependent functions denotes the derivative with respect to energy and
Likewise, we calculate the P matrix element
where
The matrix element in the transition probability (21) can then be rewritten as
with coefficientsÃ,B,C, andD specified in Appendix A.
For escape processes near the bifurcation threshold, the energy level spacings of the eigenstates of (6) are small compared tohω d . Hence, the following approximation of the bath correlations (23) and (24) applies
and
It is important to note that the lowest order in theh-expansion of D QQ is of orderh 0 , while that of D QP is of orderh. Consequently, as we shall see later, the D QP -term in (21) gives no contribution to the classical energy diffusion equation [see Eq. (46)]. Now, using (38), (39), and (41) theh-expansion of the transition probability (21) takes the form
Close to the energy minimum of the stable domains, the energy level spacing δ is approxi- 
A. Finite transmission
With the transition probabilities at hand, the semiclassical diffusion equation follows from (26) and (27) with the semiclassical density of states n(E) =
13
The second term in the generalized action (45) stems from the P matrix element | n|P |m | 2 in (21). We emphasize that no terms originating from the mixed matrix elements n|P |m n|Q|m appear in (21) .
For vanishing transmission (R = 1, T = 0) one recovers from (43) the classical diffusion
which (46) looks like a classical Kramers equation [22] with an effective temperature κ.
Further, ∆(E) corresponds to an energy relaxation coefficient that takes into account the position-position and the momentum-momentum interaction (12) between system and bath.
As shown in [16] Now, the escape rate is determined by the stationary nonequilibrium distribution P st (E) to (46), which is associated with a finite flux across the barrier and obeys the boundary conditions P st = 0 for E > E b and P st (E) to approach a Boltzmann distribution in the well region. Accordingly, one obtains for high barriers 2V b /κ ≫ 1 the classical Kramers result
with the well frequency ω m (B2).
The escape rate in the quantum regime including tunneling but no quantum fluctuations in the reservoir can now be evaluated also from (43). This diffusion equation formally looks like the one already considered in [10] for undriven systems so that we can use the same methods to solve it. In the energy range close the barrier top, where tunneling dominates for the temperature considered here, the approximate Hamiltonian (B3) leads to the parabolic transmission and reflection probabilities
The quantum partition function in the harmonic well region is given by
with Matsubara frequencies ν n = πnκ/h. For vanishing friction, (50) reduces to the known
The escape rate follows again from a quasi-stationary nonequilibrium state, this time from the quasi-stationary energy distribution P st (E) of (43), given by
This way one gains
with the coefficients
and the abbreviation θ = ω bh /(πκ). The first factor in this rate expression captures quantum effects (zero-point fluctuations) in the well distribution, while the second one, |B| describes the impact of finite barrier transmission close to the top. The latter one can actually prevail and lead to a reduction of the escape rate compared to the classical situation due to a finite reflection from the barrier also for energies E ≥ E b ( fig. 3) . For a fixedγ, the expansion of (52) for high temperatures is [10] 
with b 1 = 1.04 originating merely from the expansion of B. The well partion function leads to corrections of higher order inh.
B. Bath induced fluctuations
In this section we calculate the impact of the friction terms L QP and L P Q in (14) on the energy diffusive decay. According to the above strategy, we assume here to have classical transmission and reflection probability, and calculate from (25) the first orderh correction to the classical diffusion equation (46). For R = 1 , T = 0 the matrix elements |Q qm | and |P qm | are symmetric with respect to δ, and therefore the terms in the first line of (21) do not give contributions of orderh to the diffusion equation [23, 24] . The only relevant contributions of orderh result from the
To calculate it, we must take into account also the next order term in the expansion of the respective bath correlation function, namely
with a =
We recall that energy level spacings are considered as proportional toh. Accordingly, from (25) we obtain the energy diffusion equation,
For an explicit evaluation of (58) it is convenient to return to a discrete representation by replacing the energy difference δ withhlω and dδ with lh ω so that This expression is correct for low energies, where the spectrum in the wells is discrete, and approximates (58) very accurately for energies near the barrier top.
In order to reveal the effects of the L QP and L P Q terms, we calculate the rate of escape from (57). Following the standard procedure [22] one finds
with θ F =hω d /(κπ). E m and E b are the energies of the points (a) and (b), respectively, in fig. 1 . The integral in (61) is proportional to the barrier height meaning that (61) is of the order of V b β. It thus gives a significant contribution to the escape rate as depicted in fig. 4 for various temperatures.
VII. DISCUSSION
In the two previous sections, we have analyzed separately the impact of the two dominant quantum effects on the escape rate including contributions of orderh. Since corrections due to the combination of the two effects in the transition probabilities are at least of orderh 2 , a full semiclassical diffusion equation up to orderh is obtained by simply adding the two results (57) and (43). Hence, we geṫ
The leading order quantum corrections to the escape rate are then found as
The first correction is negligible when ω b ≪ ω d , i.e. when α approaches the boundaries of the bifurcation range (α → 0 and α → 4/27). Interestingly, the two types of quantum fluctuations have opposite effects on the rate expression: while a finite reflection leads for energies above the barrier top to a suppression of the escape probability ( fig. (4) ), bath induced fluctuations produce an increase ( fig. (3) ), which typically prevails. The conclusion is thus that in the semiclassical regime finite tunneling through the phase-space barrier does not play an important role, in contrast to quantum fluctuation induced by the reservoir in the moving frame. We recall, that the opposite is true for energy diffusive escape processes over static barriers where tunneling leads to a reduction of the rate [10] .
It is appropriate to remark that the above result is valid for
in order to guarantee the existence of a steady state distribution of a quasi-continuum of thermally smeared states on the one hand and to restrict tunneling to energies close to the barrier top on the other hand. Equivalently, the range of validity of the rate expression is determined by those values of α which are sufficiently smaller than α = 4/27 (where
We have also assumed a weak dissipation compared to the retardation scaleh/κ of the [see fig. (6) ] and, therefore, for sufficiently small α the motion near the barrier becomes overdamped.
In the underdamped regime higher order corrections in the friction appear on the one hand through ω b → λ b in the factor B, where the Grote-Hynes frequency λ b [25] is given by
On the other hand, the friction dependence of the partition function must be taken into account [10] so that
with Matsubara frequencies ν n = 2πn/hβ. The motion in the well remains always in the regime ω m /γ ≪ 1.
To capture the turnover from weak to strong dissipation, one follows the standard PollakGrabert-Hänggi approach [26, 27] and introduces normal-mode coordinates in the parabolic range around the barrier top, where the total system is separable. Then one studies the dynamics of the unstable normal mode in presence of the coupling to the stable ones due to the potential anharmonicity. For weak dissipation one recovers (52) up to leading order. [28, 29] . The conclusion of this analysis is that almost everywhere in the bifurcation parameter range 0 < α < 4/27 the rate expressions (63) for very weak friction and its extension to somewhat larger fiction (66) are valid.
VIII. CONCLUSIONS
In this paper we analyzed the impact of quantum fluctuations on the escape process in case of a dynamical barrier and in presence of a dissipative environment. In the energy diffusive domain of weak friction and higher temperatures a semiclassical procedure allowed to derive effective diffusion equations including leading order quantum effects. It turns out that there are two dominant mechanism for these effects to appear, namely, finite transmission through the barrier and reservoir induced quantum fluctuations in the moving frame. The latter ones dominate by far the deviations to the classical escape rate so that an enhanced escape probability could experimentally be related to the position-momentum coupling terms that appear in the rotating frame description of the reservoir resting in the laboratory frame.
Interestingly, when the bifurcation parameter tends to zero, the strongly underdamped dynamics turns into an overdamped motion around the barrier top with a friction strength that may even exceed the thermal energy scale. This quantum Smoluchowski domain that so far has only been studied for escape over energy barriers (see e.g. [28, 29] ) will be addressed in a future publication. 
In the same way it is possible to approximate the system Hamiltonian close to the saddle point (Q = Q b (α), P = 0), by
with M
2 ) and
